Abstract We give the procedure to reconstruct the extended inflationary potentials for attractors and use the α attractor and the constant-roll model as examples to show how to reconstruct the class of extended inflationary potentials in the strong coupling limit. We also derive the strong coupling condition which the coupling constant ξ satisfies. The class of extended inflationary potentials has the same attractor, and the reconstructed extended inflationary potentials are consistent with the observational constraints. The existence of the attractors from extended inflationary models further challenges the model discrimination just by the observables n s and r.
Introduction
The T model with the potential V (φ ) ∼ tanh 2n (φ / √ 6) [1] , the E model with the potential V (φ ) ∼ [1−exp(− 2/3 φ )] n [2] , the Higgs inflation with the nonminimal coupling ξ ψ 2 R in the strong coupling limit ξ 1 [3, 4] , and the Starobinsky model R + R 2 [5] all predict that the scalar spectral tilt n s = 1 − 2/N and the tensor to scalar ratio r = 12/N 2 with N = 60 which are consistent with the Planck results n s = 0.9645 ± 0.0049 and r 0.002 < 0.10 (95% C.L.) [6] , here N is the number of e-folds before the end of inflation at the horizon exit. The almost scale invariant power spectrum suggests that the slow-roll parameters ε and η are small at the horizon exit, while the duration of inflation is long enough to solve the problems in the standard big bang cosmology. So it was suspected that there are some relations among the scalar spectral tilt n s − 1, the amplitude of the scalar perturbation A s and N [7, 8] . Apparently, the mentioned models above support the inverse relation between n s − 1 and N. Because a e-mail: gaoqing1024@swu.edu.cn b e-mail: yggong@hust.edu.cn (corresponding author) the flatness of the potential is characterized by the slowroll parameters and the observables are simple functions of the slow-roll parameters to the first order of approximation, we can reconstruct inflationary potentials by parameterizing the observables with N [9] . Note that the reconstruction can be thought of as the reverse process of finding n s and r in terms of N for a given potential, and is valid for single field slow-roll inflation only. Since higher order corrections are assumed to be small [10] , the effects of higher order slowroll parameters are not considered, but this does not mean that higher order slow-roll parameters are exactly zero. Of course, this reconstruction procedure provides us the information about the behaviour of the potential during inflation only, it may not work for all potentials [11] and may not be the good way to probe the physics at the early Universe [12] .
The reconstruction of inflationary potentials from the primordial scalar spectrum in the case of scalar field models minimally coupled to gravity was first made by Hodges and Blumenthal in [13] . By parametrizing the deviation of the equation of state (equivalent to the slow-roll parameter ε) of the inflaton from the cosmological constant with the inverse power law β /(N + 1) α , Mukhanov reconstructed a class of inflationary potential in [14] . The parameters α and β in the Mukhanov parametrization were fitted to the observational data in [15] , and the field excursion of the inflaton in these models was discussed in [16] [17] [18] . By assuming that the slow-roll parameters ε and η both scale as 1/N p at the leading order in the large N limit, Roest divided some inflationary models into two universal classes with different behaviors of the scalar to tensor ratio r [19] . The classifications of inflationary models were then generalized to include the parametrizations of ε(N) with the constant, exponential and logarithmic classes [11] , and to tachyon inflation [20, 21] . The inverse relation n s − 1 = −α/N can be used to derive r [22] , and the detailed reconstruction of inflationary arXiv:1703.02220v2 [gr-qc] 27 Nov 2018 potentials from the inverse parametrization was discussed in [9, 23] .
The Starobinsky model is the simplest nonlinear gravitational theory f (R) [24] which is one of the alternative theories of gravity, the other alternative theories of gravity include the scalar-tensor theories of gravity. It is well known that f (R) gravity can be written as the scalar-tensor theory of gravity [25, 26] , and through the conformal transformation, the scalar-tensor theory of gravity can be written as the canonical scalar field minimally coupled to gravity. After the conformal transformation, the potentials for the Higgs inflation with the nonminimal coupling and the Starobinsky model are both approximated by the potential
in the Einstein frame. The potentials for the T model and E model have the same approximate behaviors during inflation, so they all give the same results on n s and r. For the conformal coupling ξ ψ 2 R with ξ = −1/6, the fields ψ and φ in different frames are related as φ = √ 6 tanh −1 (ψ/ √ 6), so the T model potential in the Einstein frame can be obtained from the monomial potential ψ n in the Jordan frame [1, 2] .
The same n s = 1 − 2/N and r = 12/N 2 can be obtained from more general potentials V J (ψ) = λ 2 f 2 (ψ) with the nonminimal coupling ξ f (ψ)R for arbitrary functions f (ψ) in the strong coupling limit [27] . If we take f (ψ) = ψ 2 , then we recover the Higgs inflation with the nonminimal coupling. Therefore, the ξ -attractors generalize the idea of the Higgs inflation with the nonminimal coupling. This idea of obtaining the attractor n s = 1 − 2/N and r = 12/N 2 by the nonminimal coupling ξ f (ψ)R was then generalized to any attractor we want by more general nonminimal coupling [28] . Starting from different models with the potentials V i J (ψ) and nonminimal couplings Ω i (ψ) in Jordan frame, in general we get different potentials V i (φ ) = V i J (ψ)/Ω i (ψ) in Einstein frame after the conformal transformation. However, if we take the strong coupling limit which will be elucidated in the following section, the universal relation φ = 3/2 ln Ω i (ψ) between the fields ψ and φ is obtained, and we can choose the potentials V i J (ψ) so that V i (φ ) become the same potential V (φ ) in the strong coupling limit, and these different models labelled by superscript i have the same n s and r in the strong coupling limit, i.e., the ξ -attractor is obtained. In other words, different scalar-tensor theories of gravity may give the same observables n s and r in the strong coupling limit if we choose the potentials and nonminial couplings appropriately. In general, it is possible to obtain any attractor from general scalar-tensor theories of gravity [28, 29] or f (R) gravity [28, [30] [31] [32] . By varying the Kähler curvature, we can derive the α attractor with n s = 1 − 2/N and r = 12α/N 2 [33] , and the α attractor can also be derived from general scalar-tensor theory of gravity [29] . The constant-roll inflation with the slow-roll parameter η H being a constant [34, 35] breaks the slow-roll condition if η H is not small and has richer physics than slow-roll inflation because it includes both slow-roll and ultra slow-roll cases [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] [52] [53] [54] . Furthermore, the ultra slow-roll inflation can generate large density perturbation to seed the formation of primordial black holes [55] [56] [57] [58] . It is interesting to study the reconstruction of the α attractor and the constant-roll inflation.
In this paper, we combine the idea of reconstruction and obtaining ξ attractors from general scalar-tensor theories of gravity to reconstruct the extended inflationary potentials 1 . The paper is organized as follows. In sec. 2, we give the general formula and procedure for the reconstruction. In sec. 3, we discuss the reconstruction for the α attractors, and the reconstruction for exponential parametrization is discussed in sec. 4. We conclude the paper in sec. 5.
The Reconstruction method
For the single field inflation, to the first order of slow-roll approximation, we have the relation,
so the scalar spectral tilt can be expressed as
where the slow-roll parameters 2
Note that we take the reduced Planck mass
where the sign ± depends on the sign of the first derivative of the potential and the scalar field is normalized by the reduced Planck mass M pl = 1. Substituting relation (4) into eqs. (2) and (3), we get [9, 23] 
If we parametrize one of the functions as ε(N), n s (N), φ (N) or V (N), then we can derive the other functions by using eqs. (2), (4) and (6) . So once one of the functions is parametrized, in principle we can get the observables n s and r, and reconstruct the potential V (φ ) by using the relations (2), (4), (6) and (7) . Similarly, we can use the so called β -function formalism [62] [63] [64] [65] 
to reconstruct the potential, where the so called superpotential W (φ ) = −2H(φ ), and the approximation means the first order of slow-roll approximation.
Since the adiabatic perturbations are invariant under conformal transformation [66] [67] [68] [69] [70] [71] [72] [73] [74] , the relationships between observable n s and r in different frames are easily established although the physical equivalence between Einstein and Jordan frames is unclear [75] [76] [77] [78] [79] . To reconstruct the potential V J [ψ(φ )] in the Jordan frame, we need to have the relation between the potentials in different frames. For a general scalar-tensor theory in the Jordan frame
under the conformal transformations,
we get the usual Einstein-Hilbet action with a minimally coupled scalar field,
where
. Therefore, once we reconstruct the potential V (φ ) with the relations (2), (4) and (6) by parameterizing the observables, then the corresponding potential for the general scalar-tensor theory in Jordan frame is
Of course, the models with the potentials V J (ψ) = Ω 2 (ψ)V [φ (ψ)] and the conformal factor Ω (ψ) in Jordan frame transform to the same model with the potential V (φ ) in Einstein frame even though Ω (ψ) is arbitrary, i.e., these models are degenerate and they are the same model. However, if we start with a potential V J (ψ) and an arbitrary conformal factor Ω (ψ) in Jordan frame, for different choices of Ω (ψ) in general we will get different potentials V (φ ) in Einstein frame, and the derived observables n s and r will depend on the particular form of Ω (ψ) and the coupling constant for the nonminimal coupling.
In practice, to reconstruct the potential V J (ψ), we need to specify the conformal factor Ω (ψ) and solve eq. (11) to get the relationship between ψ and φ . In general, it is difficult to obtain an analytical relation. However, if the contribution from ω(ψ) is negligible, i.e., if the conformal factor satisfies the condition
then we get
Note that the with the above relation (14), the scalar-tensor theory considered is equivalent to the f (R) = Ω R−2V J gravity with the following relation between R and ψ
The condition (13) is called the strong coupling limit. In the strong coupling limit, we get
In this paper, we reconstruct the potential V J (ψ) in the strong coupling limit. The requirement that the contribution from ω(ψ) is negligible does not necessarily mean that ω(ψ) 1. In fact, we take ω(ψ) = 1 and Ω (ψ) = 1 + ξ f (ψ), where ξ is the dimensionless coupling constant and f (ψ) is an arbitrary function. For simplicity, we take f (ψ) = ψ k . For this specific choice of Ω (ψ), the strong coupling conditions (13) and (14) become
The effect of the strength of the coupling constant was discussed in [80] . Note that without taking the strong coupling limit (13), after the conformal transformation (11), the re-
Einstein frame which depends on the coupling constant ξ and the particular form of f (ψ). For different choices of the conformal factor Ω (ψ), the forms of the potential V [ 3/2 ln Ω (ψ)] are different and they depend on both ξ and f (ψ), so they are different scalar-tensor theories of gravity. In particular, in general none of them takes the reconstructed form of V (φ ). Only in the strong coupling limit, the potential V ( 3/2 ln Ω ) ≈ V (φ ) is independent of ξ and we obtain the ξ -attractor. To understand the point, we review the ξ -attractor discussed in [27] . In Jordan frame, we take the potentials V J (ψ) = λ 2 f 2 (ψ) with arbitrary functions f (ψ) and the conformal factors Ω (ψ) = 1 + ξ f (ψ). In Einstein frame, the potentials become
where φ is related with ψ by eq. (11). The potentials V (φ ) in eq. (18) are different for different choices of f (ψ), so the inflationary models are different. However, in the strong coupling limit, from eq. (14), we get
Substituting eq. (19) into eq. (18), in the strong coupling limit, the potentials become
So the ξ -attractor with n s = 1 − 2/N and r = 12/N 2 is reached in the strong coupling limit.
The α attractors
We take the power-law parametrization
In this paper, we assume that the parametrization is valid until the end of inflation. At the end of inflation, N = 0 and ε = 1, so we get N 0 = 3α/4. From eq. (2), we get
This is the result for the α attractor [33, 81] . Comparing the parametrization (21) with the Planck 2015 constraint r < 0.11 [6] , we get 0 < α < 35.372 (95% C.L.) for N = 60. More generally, we may take the power law parametrization r = β /N p [14] , then we get n s = 1− p/N −β /(8N p ), but the observations [6] tell us that p ≈ 2, so we consider the simple parametrization (21) . Substituting the parametrization (21) into eqs. (5) and (6), we get
So the reconstructed potential is [14, 28] 
When α 1, the above potential reduces to the familiar potential V (φ ) = V 0 [1 − c exp(− 2/3α φ )] with c = 3α/2. Since φ e < 0 when α < 4/3, in order to reconstruct the potential V J (ψ), we take the following transformation in the strong coupling limit
Combining eqs. (26) and (27), we get the reconstructed extended inflationary potential
For arbitrary function Ω (ψ) = 1 + ξ f (ψ), we get the same α attractor (21) and (22) from the above potential (28) in the strong coupling limit (13) . If the strong coupling limit is
In particular, the Higgs inflation with the nonminimal coupling function f (ψ) = ψ 2 is recovered. In fig.1 , we take Ω 0 = 100, N = 60, α = 1 and α = 0.1, f (ψ) = ψ k with k = 1/3, 1/2, 1, 2 and 3 as examples to show the attractors in the strong coupling limit. Substituting eq. (24) into eq. (17), in the strong coupling limit, the coupling constant ξ satisfies
For α = 1, we find ξ 0.002 with k = 3 and ξ 1920 with k = 1/3. For α = 0.1, we find ξ 0.001 with k = 3 and ξ 184 with k = 1/3. These are confirmed by the numerical results.
From eqs. (21) and (24) and eliminating the parameter α, we get the field excursion
which is bigger than the Lyth bound [82] N r/8 = 2 √ 3 α as expected, here we neglect the contribution from N 0 . In particular, if we take α = 0.1, then the Lyth bound gives ∆ φ = 0.3464. If we use the modified Lyth bound [83, 84] , the expected field excursion would be smaller. However, from eq. (30), we get the super-Planckian field excursion ∆ φ = 2.0891. As discussed in [85] , the smallness of r or the Lyth bound cannot be used to rule out large field inflation. 
Exponential parametrization
For the simple exponential parametrization
we get
Combining the parametrization (31) with eqs. (5) and (6), we derive the potential
The condition for the end of inflation ε(N = 0) = 1 gives C = 16. Combining eqs. (31) and (32) and eliminating the parameter β , we get
It is easy to show that when r = 8/N, n s reaches its maxi-
If we take N = 50, the maximum value isn s = 0.888. If we take N = 60, the maximum value isn s = 0.904. These values are not consistent with the observations [6] , so this model is excluded by the observations. Now we consider the parametrization [9] 
where 0 < α < 1 and s = −(1 − α) so that ε(N = 0) = 1. The scalar spectral tilt is
By using the Planck 2015 results, we get the constraints on the parameters α and β in the parametrization (35) and the constraint contours are shown in the left panel of fig. 2 . Substituting the parametrization (35) into eq. (1), we obtain the slow-roll parameter
If 4α + β s = 0, then we get the constant-roll inflationary model with η = −β /2 [34, 35] . If the constant is 3, then it is called the utra slow-roll inflation [36, 37] which is a limiting case of the constant-roll inflation. From eq. (6), we get
From eq. (5), we get
Combining eqs. (38) and (39), we get the potential
Choosing the superpotential W = X f (Φ) and stabilizing the superfields Re(Φ) and X at the origin, we can obtain the inflaton potential from supergravity model as [83, [86] [87] [88] [89] . Therefore, it is possible to derive the potential (41) from supergravity model building.
Substituting the transformation (14) into the potential (41), we get the reconstructed extended potential
For arbitrary function Ω (ψ), we get the attractors (35) and (36) in the strong coupling limit. For the constant-roll inflation with η = −β /2, the potential (42) becomes
In the right panel of fig. 2 , we use the constant-roll inflation with β = 4α/(1 − α) and α = 0.01/2.01 as an example to show the attractors n s = 0.967 and r = 0.034 in the strong coupling limit, we take N = 60 and f (ψ) = ψ k with k = 1/3, 1/2, 1, 2 and 3. The models with different k become the model V (φ ) = V 0 sin(0.1φ ) with constant-roll parameter η = −0.01 in the strong coupling limit. From eq. (17), we find that the strong coupling limit requires ξ 1147 for k = 1/3 and ξ 0.08 for k = 3, these are supported by the numerical results.
Form eq. (39), we get φ * = 9.91. From eq. (40), we get φ e = 0.706, so the field excursion is ∆ φ = 9.21 while the Lyth bound requires that ∆ φ > 3.93.
Conclusions
Under the conformal transformations (10) and (11) , in general we will get different potential V i (φ ) in the Einstein frame from different potentials V i J (ψ) and arbitrary nonminimal couplings Ω i (ψ) in the Jordan frame. However, in the strong coupling limit (13), we may get the same potential V (φ ) in the Einstein frame from different potentials V i J (ψ) with arbitrary nonminimal couplings Ω i (ψ) in the Jordan frame. This is the reason for the existence of ξ attractors. In particular, the Higgs inflation with the nonminimal coupling ξ ψ 2 R is a special case of the general scalar-tensor theories of gravity with the potentials V J (ψ) = λ 2 f 2 (ψ) and the nonminimal coupling ξ f (ψ)R, here the function f (ψ) is an arbitrary function. Based on this observation, in principle we can derive any observables n s and r from the general scalar-tensor theories of gravity by choosing the potentials V J (ψ) and the nonminimal couplings Ω (ψ) appropriately. On the other hand, we can reconstruct inflationary potentials by parametrizing the observables such as r and n s with N. The parameters in the parametrization are fitted to the observations even before we derive the potentials, so the reconstructed models with the constrained parameters are consistent with the observations by construction.
In this paper, we combine the idea of ξ attractors and the reconstruction method to derive the general procedure to reconstruct the extended inflationary potentials for attractors and use two particular parametrizations (21) and (35) as examples to show how to reconstruct the class of extended inflationary potentials in the strong coupling limit. We show explicitly that the ξ attractor is reached for different extended inflationary potentials in the strong coupling limit and the derived results are consistent with current observations. Since in the process of reconstruction, φ (N) can be obtained, so the field excursion is easily derived. The result supports the conclusion that the smallness of the tensor to scalar ratio cannot rule out large field inflation. We also derive the strong coupling condition (17) and apply it to constrain the coupling constant ξ . The derived strong coupling condition is supported by the numerical results.
In conclusion, we propose the reconstruction procedure and show that the ξ attractors are reached in the strong coupling limit with two reconstructed classes of extended inflationary potentials. The existence of the ξ attractors from extended inflationary models further challenges the model discrimination just by the observables n s and r.
• (35) . The green, yellow and red regions correspond to 68%, 95% and 99.8% C.L. contours. The solid line β = 4α/(1 − α) corresponds to the constant-roll inflation with the potential (43) . The right panel shows the numerical results of n s and r for the scalar-tensor theory with the potential (43) . We take N = 60 and the power-law functions f (ψ) = ψ k with k = 1/3, 1/2, 1, 2 and 3 for the constant-roll inflation with β = 4α/(1 − α) and α = 0.01/2.01. The coupling constant ξ increases along the direction of the arrow in the plot. The shaded regions are the marginalized 68%, 95% and 99.8% C.L. contours from Planck 2015 data.
